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We extend the previously found accelerated Kerr-Schild metrics for Einstein-Maxwell-null dust 
and Einstein-Born-Infeld-nuU dust equations to the cases including the cosmological constant. This 
way we obtain the generalization of the charged de Sitter metrics in static space-times. We also give 
a generalization of the zero acceleration limit of our previous Einstein-Maxwell and Einstein-Born- 
Infeld solutions. 
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INTRODUCTION 



Using a curve C in ZJ-dimensional Minkowski space-time -^pf have recently studied the Einstein-MaxweU- 
nuU dust 1] and Einstein-Born-Infeld-nuU dust field equations 2], Yang-Mills equations 3], and Lienard-Wiechert 



potentials in even dimensions In the first three works we found some new solutions generalizing the Tanghcrhni 
Plebahski and Trautman 7] solutions, respectively. The last one proves that the accelerated scalar or vector 
charged particles in even dimensions lose energy. All of the solutions contain a function c which is assumed to 
depend on the retarded time tq and all accelerations Ofe, (/c = 0, 1, 2, ■ • ■ ), see Q-Q. We also assumed that when the 
motion is uniform or the curve C is a straight line in Mjj, this function reduces to a function depending only on 
the retarded time tq. In this work we first relax this assumption and give the most general form of the function c 
when the curve C is a straight line. In addition, we also generalize our previous accelerated Kerr-Schild metrics by 
including the cosmological constant in arbitrary I?-dimensions for the Einstein-Maxwell and in four dimensions for 
the Einstein-Born- Infeld theories. The solutions presented here can be interpreted as the solutions of the Einstein- 
Maxwell-null perfect fluid field equations with a constant pressure A or Einstein-Maxwell-null dust field equations 
with a cosmological constant A. In our treatment we adopt the second interpretation. 

Our conventions are similar to the conventions of our earlier works Q, 0]j Q- In a Z3-dimcnsional Minkowski 
space-time Md, we use a parameterized curve C = {x^ G Mjj : — z^^{t) , = 0, 1, 2, • • • , Z3 — 1 , r G /} such that 
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T is a parameter of the curve and / is an interval on the real line R. We define the world function Q as 

17 = 77^, (x^-z''(r))(x'^-z'^(r)), 



(1) 



where x'^ is a point not on the curve C. There exists a point z'^{tq) on the non-spacelike curve C which is also on 
the light cone with the vertex located at the point x^, so that ^{tq) = 0. Here tq is the retarded time. By using this 
property we find that 



Am — duTQ = 



R 



(2) 



where R = i^(To) (a;^ — z^{tq)) is the retarded distance. Here a dot over a letter denotes differentiation with respect 
to Tq. It is easy to show that is null and satisfies 



^fi.u — 75 [Vfii' ~ z^Xv — Zy — (A — e) Xy\ 
K 



(3) 



where A = z^ [x^ — z^{t^))) and z'^ z^ = e = —1,0. Here e — —1 and e = correspond to the time-like and null 
velocity vectors, respectively. One can also show explicitly that A^ = 1 and A^i?. ^ — 1. Define a = ^ ~ X^z^, 
then 



A^a ^ =0. 



Furthermore defining (letting oq = a) 



one can show that 



a,.^A /'^'""i^°\ fc = 0,l,2,.. 



"~0 



(4) 



(5) 



Hence any function c satisfying 



A'^afc. =0, Vfc = 0,l,2,. 



(6) 



(7) 



has arbitrary dependence on all a^'s and tq. Using the above curve kinematics, we showed that Einstcin-Maxwell- 
perfect fluid equations with the Kerr-Schild metric give us the following result 

Proposition 1. Let the space-time metric and the electromagnetic vector potential be respectively given by 
9ij.v — Vp.i' ^ 2V^ApAiy, = H Xfj_, where V and H are some differentiable functions in Mjj. Let V and H depend 
on R, To and functions c,; {i — 1, 2, ■ • • ) that satisfy Q, then the Einstein equations reduce to the following set of 
equations [see |1| for details] 



l\2 



i=l 



Q,/3 z'^) 



Aaj 



(8) 
(9) 

(10) 
(11) 
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where 



(12) 



and prime over a letter denotes partial differentiation with respect to R. Here k is the gravitational constant, p and 
p are, respectively, the pressure and energy density of the fluid, A is the cosmological constant and the function q is 
defined by 

q = Vc.(3 - + 2(e - A) + [2e{-D + 3) + 2A{D - 2^ ^ 



R 



i?2- 



Please refer to Q for this Proposition. 

For the case of the Einstcin-Born-Infeld field equations with similar assumptions, we have the following proposition 
(please see j^j for the details of the Proposition) 

Proposition 2. Let V and H depend on i?, tq and functions c,; {i = 1, 2, • • • ) that satisfy 0, then the Einstein 
equations reduce to the following set of equations 



where 



Kp + X = V" + -V - Kh^[l-To\, 
R 



l\2 



AH') 
To 

k{p + p) 



V" 



E 



2V 

ti 



t 



Ci^fj z'^) 



w,, = V' 



2V 



(13) 
(14) 

(15) 
(16) 

(17) 



and prime over a letter denotes partial differentiation with respect to R. Here «(= Stt) is the gravitational constant, 
p and p are, respectively the pressure and the energy density of the fluid, b is the Born-Infeld parameter (as & — > oo 
one arrives at the Maxwell limit), and A is the cosmological constant. 



II. NULL-DUST EINSTEIN-MAXWELL SOLUTIONS IN D-DIMENSIONS WITH A COSMOLOGICAL 

CONSTANT 

In this section we assume zero pressure. Due to the existence of the cosmological constant A, one may consider this 
as if there is a constant pressure as the source of the field equations. We shall not adopt this interpretation. Instead, 
we think of this as if there is a null dust, a Maxwell field and a cosmological constant as the source of the Einstein 
field equations. Hence assuming that the null fluid has no pressure in Proposition 1, we have the following result: 
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Proposition 3. Let p = 0. Then 



2(D-2) ^ + + (_D-2)(D-1) ^ ' ^ 4J 



^ fe2 lni? + m+ A - 



-fe2 In i? + m+ A i?2^ (£> = 3) 



c + ee Ini?. (Z) = 3) 

The exphcit expressions of the energy density p and the current vector do not contain the cosmological constant 
A and are identical with the ones given in 1], so we don't rewrite those long formulas here. 

Here M = m + e k(3 — D)ec for D > A and M — m + ^ e'^ + e nee for D ~ 2>. In all cases e is assumed to be a 
function of tq only but the functions m and c which are related through the arbitrary function Af (tq) (depends on tq 
only) do depend on the scalars au (fc > 0). Of course A is any real number. 

In Proposition 3 we have chosen the integration constants {R independent functions) as the functions c,; (i = 1, 2, 3) 
so that ci = TO, C2 = e, C3 = c and 

c = c(To,afe), e = e(ro), (20) 
Af(ro) +eK(i:>-3)ec, {D > 4) 



(21) 



M(to) - f e2 -eKec, [D = i) 



where a^'s are defined in 

Remark 1. We can have pure null dust solutions when e = 0. The function c in this case can be gauged away, 
that is we can take c = 0. The Ricci tensor takes its simplest form R^^ — pX^ X^, + Ag^^, then. In this case we have 

^{D-2)iD-l) ' 
p = ^—^\a{l-D)m + m]R^-" (22) 

K 

for D > 4 and 

V = TO+^i?2, 

2ma — m ,„„, 

for Z? = 3. Such solutions are usually called as the Photon Rocket solutions 0|, Q. We give here the D dimensional 
generalizations of this type of metrics with a cosmological constant. 
Remark 2. If e = to = we obtain a metric 

2A R^ 

9tj.v = Vti-y - (D -l)[D - 2) ~ 

which clearly corresponds to the D-dimensional de Sitter space. 

Remark 3. The static limit aq = a = of our solutions with a constant c are the charged Tangherlini solutions 
with a cosmological constant. If the function c is not chosen to be a constant, we obtain their generalizations (see 
Section Hvj). 
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III. NULL-DUST EINSTEIN-BORN-INFELD SOLUTIONS IN 4-DIMENSIONS WITH A 

COSMOLOGICAL CONSTANT 

Using Proposition 2, and assuming zero pressure, we find the complete solution of the field equations. 
Proposition 4. Let p = 0. Then 

m ^F(R) A „ 

if = c-ee r^=£==, (25) 

where 

m = M{to) + Sneec, (26) 
F{R) = r (27) 

Here e is assumed to be a function of tq only but the functions m and c which are related through the arbitrary 
function M{tq) do depend on the scalars a^,, (fc > 0). 

We have chosen the integration constants (i? independent functions) as the functions Ci {i = 1, 2, 3) so that ci = m, 
C2 = e, C3 = c and 

c = c(To,afe), e = e(ro), to = M(to) + 87reec. 

Remark 4. In the static limit with a constant c, we obtain the Plebanski solution with a cosmological constant 
[lfil |. If the function c is not a constant, we can also give a class of solutions of the Einstein-Born-Infeld-nuU dust 
equations with a cosmological constant (see Section Hvj) . 



IV. STRAIGHT LINE LIMITS 



When the accelerations {k > 0) vanish, the curve C is a straight line in M^. In this limit we have the following: 
To = t — r, z'^ = n'' To, = (1, 0, 0, 0), i;^ = n'^ and R = — r. Moreover, 

a;^ = (t,x). A„ = (l,--), r'^^x-x. (28) 
r 

In this case the function c arising in the metrics introduced in the previous sections can be assumed to depend on 
some other functions ^(/) so that — {I — 1,2, ■ ■ ■ , D — 2) As an example let ^(/) — l^j^ ■ ^, where 

are constant vectors. It is easy to show that X'^£,(i).^ = 0. Hence in this (straight line) limit we assume that 
c = c(to,i^(/)). From this simple example we may define more general functions satisfying our constraint equation 
= 0. Let Xfj^ be a vector satisfying 

Xf_,,^ = boVfii' + hikf, K + K X^) + b2 X^ X^ + Q^j,^, (29) 

where bo, bi, 62 are some arbitrary functions, is any vector and Q^^ is any antisymmetric tensor in AIu. Then any 
vector Xf^ satisfying (|29|l defines a scalar ^ = so that A^ ^ = 0. 
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The simple example given at the beginning of this section corresponds to a constant vector, = 1^ = {Iq, I)- Hence, 
^ becomes a function of the spherical angles. For instance, in four dimensions, = la + h cos (f) sin 6 + I2 sin sin 9 + 
I3 COS0 where Iq, h, I2, and are the constant components of the vector l^. In the straight line limit, the metric can 
be transformed easily to the form 

ds^ = -(1 + 2V) dT^ + %— dr^ + dnl,_2, (30) 



where 

dT^dt 



1 + 2V 



2Vdr 
1 + 2V' 



and dflj^_2 is the metric on the D — 2-dimcnsional unit sphere. The above form of the metric is valid both for the 
Einstein-Maxwell and for the Einstein-Born-Infcld theories. For the case of the Einstein-Maxwcll-nuU dust with a 
cosmological constant we have 



(■P-3) ^-2D+6 _u mf-T^D+l ^-D+3 j A 



m- fe2 lnr+ Ar2, (D = 3) 

and the function H defining the electromagnetic vector potential is given by 

^ c + ee (-1)^+1 (D > 4) ^^^^ 

c + ee Inr. (D = 3) 

n 

This solution is a generalization of the Tangherlini solution 5]. The relationship between c and m are given in H21|l . 
but in this case the function c is a function of the scalars ^(/j as discussed in the first part of this section. For the 
case of the Einstein-Born-Infcld- null dust with a cosmological constant, we have 

V = -^+A.e^^ + ^r\ (33) 
r r 6 

r dr 

H = c + ee / , (34) 

where 

m = M(to) + 87reec, (35) 
r dr 

^^''^ ^ ^ J ^^^^ 

This solution is a generalization of the Plebahski et al Q static solution of the Einstein-Born-Infeld theory. Our 
generalization is with the function c depending arbitrarily on the scalars ^{i)- 

Remark 5. When the function c is not a constant, the mass m defined through the relations (|21() or H35() is not a 
constant anymore, it depends on the angular coordinates. 



V. CONCLUSION 



We have reexamined the accelerated Kerr-Schild geometries for two purposes. One of them is to generalize our 
earlier solutions of Einstein-Maxwell-null dust 1] and Einstein-Born-Infeld-nuU dust field equations |2| by including 
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a cosmological constant. The other one is to generahze the static hmit (straight hne Umit) of the above mentioned 
solutions. Previously in the static limit, we were assuming the function c to be a constant. As long as this function 
satisfies the condition c.^ — 0, as we have seen in Section Hvl falthough the acceleration scalars Ofe (fc > 0) are all 
zero) we can still obtain the generalization of the charged Tangherlini '5f| and Plebahski solutions. 
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